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Generalized Perturbation Method for Solving Two-Point
Boundary-Value Problems
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A method for solving two-point boundary-value problems is presented, and since it contains the standard perturba-
tion method as a subcase, it is referred to as the generalized perturbation method. The philosophy of the method
is to iterate on the histories of the variables whose initial values are unknown. For problems of a physical origin,
it is not difficul¢ to make reasonable guesses for these functions. Because variable histories are being used and
not just the initial values, the generalized perturbation method is much less sensitive to the guesses than the
standard perturbation method. More storage and computation per iteration is required, but the number of iterations

may be considerably less.

Introduction

ISTORICALLY, the generalized perturbation method is a

result of research on the computation of nonthrusting space-
craft trajectories. In Ref. 1, the problem of computing the free-
fall trajectory of a spacecraft from a given initial time and
position to a given final time and position is approached from
the point of view of Hamilton’s principle. This principle states
that the motion is such that the integral of the Langrangian—
difference of kinetic and potential energies—is an extremal. The
extremal problem is recast in the optimal control format in which
the velocity components are the control variables. Then, the
first-order numerical optimization method discussed in Ref. 2 is
applied to solve a trajectory problem in Earth-moon space. In
Ref. 3, a second-order optimization method is developed and
applied to the trajectory problem. Also, it is shown that the
methods of Refs. 1 and 3 can be obtained directly from the
equations of motion, that is, without using Hamilton’s principle.
As a result of the previous investigations, it is apparent that the
approach discussed in Refs. 1 and 3 can be applied to the solution
of any two-point boundary-value problem regardless of its origin.
Since the method contains the perturbation method* as a subcase,
it is called the generalized perturbation method.

Generalized Perturbation Method

Consider a two-point boundary-value problem with system
equations

X =f(t x,v,0q)
v=g(tx,va)

(1
where x is a p vector, v is an n-p vector, and a as a g vector
of parameters. With regard to the boundary conditions, it is

assumed that
t,=0, x,=given
t,=1, h(x;,v;,0) =0

@

where h is an n— p+q vector of final conditions. A normalized
time is used for the independent variable, so that if the actual
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final time is unspecified, it appears as one of the parameters. It is
possible to use dimensional time, but extrapolation is required if
the change in final time from one iteration to another is positive.

The philosophy of the generalized perturbation method is to
guess the functions v(¢) and the parameters a and to set up an
iterative procedure which drives the guesses to the values that
satisfy the differential equations (1) and boundary conditions (2).
In order to make the derivation of the algorithm clearer, Eqs. (1)
are rewritten as

x =f(t,x,u,a) 3)
v=g(t,x,u,a) 4
t—u=0 S

where the guess for v(f) has been denoted by u(f). In the
terminology of optimal control theory, it is apparent that the
functions u can be interpreted as control variables and Egs. (5)
as optimality conditions.

Once a guess has been made for u(t) and g, x(f) and o(f) follow
from Egs. (3), (4) and the boundary conditions t, = 0, x, = given,
v, = u, and ¢, = 1. However, because of the arbitrary choice for
u(t) and g, it is to be expected that v—u # 0 and h # 0. The effect
of a variation in the chosen u(f) and a can be obtained by
variational differentiation of the relevant equations, that is,

ox =f . 0x+f, 0u+f,da (6)
ov =g,0x+g,0u+g,0a )
o(v—u) = dv—du 8

Oh = h, 0x;+h, ov.+h,da 9

where, since ¢, =1, partial variations (¢ = const) and total
variations can be identified by the same symbol é. Because it is
desired to have v—u = 0 and h = 0 after the iteration, the follow-
ing relations hold:

o(v—u)y= —Pv—u), oh=—Qh (10

The percentages P and Q are introduced to scale the amount of

correction requested since the full correction predicted by

linearized equations may lead to divergence. The quantities P and

Q may have to be small for the first few iterations, but near
convergence, they should be made unity.

From Eqs. (8) and (10), it is seen that

ou = 6v+ P(v—u) (11)

so that the differential equations (6) and (7) can be rewritten as

Ox = f ox+f,0v+f,6a+ Pf (v—u)

(12)
0v = g, 0x+g,0v+g,0a+ Pg,(v—u)
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Table 1 Iteration sequence, fixed-step integration®

Iteration |62, | |6t 3] max 6, /| 65
1 1L.30E+1 999E+0 246 E-3 786E-3
2 1.03E+1 8.74E+0 8.62E—5 1.78E—4
3 275E+0 200E+0 620E—6 793E—-6
4 135E+0 1.12E+0 S24E—6 712E—-6
5 1.54E—-1 263E—-1 906 E—6 1.04E—-5
6 1.22E-2 1.79E-2 867E—6 113E-5
7 996 E—6 254E-5 866 E—-6 1.13E-5
8 226E-8 145E—8 866E—06 1.13E-5

#2400 steps.

At this point, it is assumed that

ox = A(t)ov,+ C(t) da+ M(t) 13)
év = B(t) ov,+D(t) da+ N(t)
with
A4,=0, B,=1, C,=0, D,=0, M,=0, N,=0 (14)
to guarantee satisfaction of the initial conditions (2). Substituting
Eqgs. (13) into Eqgs. (12) and observing that the resulting equations
must hold for arbitrary v, and da leads to the following
differential equations for the unknown matrices:

A=f A+f,B
B=g,A+g,B
C=f,C+f,D+],
D=g.C+g,D+g,
M=fo+fuN+Pfu(v—u)
N =g .M+g,N+Pg, (v—u)

whose initial conditions are given by Eqs, (14). Now, Eqs. (9) and
(13) can be combined to produce values for év, and dq, that is,

(15)

o
[(;ﬂ = —[h,A;+h, B ih, Coth, Dpth] " x

(Qh+h, M;+h, N;) (16)
whereas Eqgs. (11) and (13) lead to
ou = Bov,+Dda+N+ P(v—u) (17)

The following is a summary of the computational procedure
for the generalized perturbation method: 1) Guess u(t) and a;
store u(f). 2) Integrate the differential equations (3, 4, and 195),
subject to the initial conditions ¢, =0, x, = given, v, = u, and
Egs. (14) and the stopping condition ¢, = 1. Store v(t), B(?), D(t),
and N(#). 3) Compute d6v,, da and du from Eqgs. (16) and (17).
4) Using u = u+6u and a = a+da, go to step 2. The iteration
process is stopped when the variations éu and da and the end
condition dissatisfactions become sufficiently small.

It should be pointed out that, if one sets u = v in the preceding
equations, the generalized perturbation method reduces to the
standard perturbation method. Hence, a computer program of
the generalized perturbation method also contains the standard
perturbation method.

Example

In this section, the generalized perturbation method is used to
find the coasting trajectory of a spacecraft going from a fixed

Table 2 Effect of stepsize on convergence’

Steps |08 |0t 2] max [0 ] [6x2]
600 807E-17 377E-17 453E—4 439E-5

1200 361E-7 191 E-7 8.74E—-5 383E-5

2400 226 E—8 145E—-8 866 E—6 1.13E—6

= Convergence : [y, < 107°.
k| max
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point near the Earth to a fixed point near the moon in a given
time. If the Earth-moon-spacecraft system is approximated by
the circular restricted three-body model, the nondimensional
equations of motion in inertial coordinates are given by

Xl = Uy
r2 =0 ., ., (8
v, = —(1—p)[x;+pcost]r,” > —pu[x; —(1— pcost]r,
v, = —(1—w[x,+usintlr, > —p[x,—(1—psint]r, 3
where
r,2 =[x, +pcost]?+{x,+pusint]? 19
o2 =[xy — (1~ p)cos t]*+ [x, — (1 — wsin¢]?
and where x = 0.012. The chosen end conditions
=0, x,,= 00272244, x;, = —0007068

ty = 00701248, x;,=0.758519, x,,=0.640512

are characteristic of an Apollo mission, that is, transfer from a
100-mile Earth orbit to a 50-mile moon orbit in 75 hr. Since
the final time is fixed, it is not necessary to normalize the time.

Since the quantities being guessed are velocity distributions
and since the position equations are so simple, it is easy, but not
necessary, to choose velocity histories which satisfy the final
conditions. The velocity histories used in this study are the

following :

u, = (E—n)cost—(E+#)sint
) . (21)
u, = (E+n)cost+(E—y)sint

where

&= —00272244+291(1 —-t/2t,)

n = —0.00759068 — (5¢,/27) sin (2nt/t ;) (22)
are the velocity histories in rotating coordinates.

In this study, the quantity P is chosen to be P = 0.7 for three
iterations and P = 1.0 for the remaining iterations. For the
velocity guesses used here, it is possible to use P = 1.0 for all
iterations, but the number of iterations increases. Since the
velocity guesses satisfy the final conditions, Q = 1 is used all the
time.

. The trajectory is first obtained using a fixed stepsize integrator,
that is, a fourth-order Adams-Moulton, Adams-Bashforth
predictor-corrector with a fourth-order Runge-Kutta starter.
Computations have been made for different numbers of steps
from 300 to 2400. Integration accuracy for 300 steps is not good
enough to achieve convergence (|0u)., < 107°), so these results
are not shown in the tables. Table 1 shows the iteration sequence
for 2400 steps, and Table 2 shows the effect of stepsize on the
converged results. Table 4 shows that the cost in computer time
and storage required to achieve the level of accuracy obtained
with 2400 steps is high. Finally, the effect of stepsize on the
converged values of the initial velocity components is presented
in Table 5 along with the results of a very accurate computation.

Because the number of integration steps required to achieve
an accurate solution with a fixed-step integrator can be large,
the use of a variable-step integrator to minimize the number of
steps has been investigated. The use of a variable-step integrator
requires an interpolation method because the step pattern differs
from iteration to iteration. In this connecfion, the trajectory has

Table 3 Iteration sequence, variable-step integration

Iteration 083 | man 161 3| |6, 4| 16 2|
1 136 E+1 106 E+1 246E-3 786 E—3
2 106 E+1 STTE+O 215E-7 1.04E-7
3 290E+0 203E+0 319E-7 148E—7
4 141 E+0 1.12E+0 6.53E—8 182E~-7
5 1.55E—-1 263E—1 619E~8 488 E—8
6 1.25E-2 181E-2 745E—-8 5S63E—8
7 328E-5 482E-5 125E-9 567E—8
8 494E-9 208E-9 566 E—-9 5.59E—-8
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Table 4 Comparison of computation characteristics

Steps Iterations  Time per iteration Storage
Fixed-step
600 9 1.7 sec < 55,0004°
1200 9 3.5sec < 55,0004
2400 8 7.2 sec 70,0004
Variable-step
175-225 8 2.1 sec < 55,0004°

¢ Minimum field length required to load UT CDC 6600.

also been obtained using Runge-Kutta-Fehlberg 3(4) integration
in combination with cubic-spline interpolation. The orders of the
integration and interpolation have been chosen to match the
order of the fixed-step integrator so that comparisons between
the variable-step and fixed-step integration would be fair. The
RKF 3(4) integrator uses the difference of a third-order and a
fourth-order series representation as an approximation of the
local truncation error. The predicted stepsize is based on the
greater of the maximum relative truncation error for variables
whose values are greater than unity and the maximum absolute
truncation error for variables whose values are less than unity.
A step is accepted if the maximum truncation error is less than a
specified tolerance (10~ in this study). The sequence of iterations
isshownin Table 3, and a comparison with fixed-step integration
is contained in Tables 4 and 5. The comparisons indicate that,
from a results point of view, variable-step integration is better
than fixed-step integration. On the other hand, the programing
of the variable-step integration is more complex because of the
need for interpolation.

Discussion and Conclusions

There are two commonly used methods for solving two-point
boundary-value problems: the perturbation method (or the
shooting method) and quasi-linearization (or the generalized
Newton-Raphson method).* For the former, one guesses the
missing initial conditions, integrates nonlinear state equations
and linear perturbation equations, and computes changes in the
initial guesses which drive the dissatisfactions in the final
conditions to zero. For the latter, one guesses histories for all
the state variables, integrates linear state equations and linear
perturbation equations, and computes changes in the state
histories which drive the dissatisfactions in the final conditions
and state equations to zero. Compared with quasi-linearization,
the perturbation method is easier to program, requires less
storage, and uses less computer time per iteration, but it can be
very sensitive, thereby requiring many more iterations to achieve
convergence. On the other hand, when convergence is achieved
with quasi-linearization, one must then integrate the nonlinear
state equations to verify the solution of the problem.

The generalized perturbation method combines the good
qualities of each of the previous methods. Here, one guesses

Table 5 Comparison of converged results

Integration method vy, Uy,
Fixed-step
600 6.347153809 —8.580619156
1200 6.514071582 —8.501568599
2400 6.516054137 —8.507016420
Variable-step 6.515404330 —8.507174589
Accurate values 6.515405689 —8.507171407
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histories for those state variables whose initial conditions are
not prescribed, integrates nonlinear state equations and linear
perturbation equations, and computes changes in the state
guesses which drive the dissatisfactions in final conditions and
state equations to zero. In each category—programing, storage,
computer time per iteration, sensitivity—the characteristics of the
generalized perturbation method are between those of standard
perturbation and quasi-linearization. Furthermore, the
generalized perturbation method contains the standard perturba-
tion method as a particular case, and in the final iterations near
convergence where u =~ v, the generalized perturbation method
is actually operating like the standard perturbation method.
Hence, the generalized perturbation method behaves like quasi-
linearization for the first few iterations and like the standard
perturbation method for the final few iterations.

It should be pointed out that, if the two-point boundary-value
problem being solved originates from an optimal control
problem, the generalized perturbation method requires the taking
and coding of many second derivatives. One of the complaints
along this line is that it is very difficult to do this correctly for a
practical problem because of the magnitude of the effort. There
are, however, at least two ways in which the computer can be
used to check derivatives. One is to compute all partials
numerically and compare their values with those obtained
analytically; and the other is to generate the partials by non-
numeric computation, compute their values, and compare with
those obtained analytically.

Finally, no attempt has been made to implement automated
procedures for selecting P and Q, although several exist. Basically,
there are three types of procedures: a) searches to minimize
the error after the step is taken, b) scaling to guarantee a decrease
in the error after the step is taken, and c) percent correction
which limits the magnitude of the relative change. Furthermore,
these procedures can be employed in two different ways:
a) P # Q and b) P = Q. In general, P controls the error in the
differential equations, and Q controls the error in the end
conditions. Hence, if P # Q, separate error criteria must be
established for the differential equations and the end conditions;
whereas, if P=Q, the criteria are combined into one. A
discussion of searches, scaling, and error criteria for the case
where P = Q is presented in Ref. 5 and the percent-correction
approach is presented in Ref. 6. If one is able to guess u(z) and
a such that h >~ 0, it seems logical to set @ =1 to keep h~0
while the error in the differential equations is being reduced
(0 <P < 1) For the problem considered here (Earth-moon
transfer), it soon became evident that convergence could be
achieved with P =1 for all iterations. Since the number of
iterations could be reduced by letting P =0.7 for several
iterations, it is possible that the number of iterations can be
reduced further by employing one of the previous techniques for
selecting P and Q.
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